The media files contain two short movies, illustrating the propagation dynamics of a selfaccelerating singular beam and a case of particle manipulation using a beam of this kind. The first movie (Media 1) is an animation of the propagation dynamics of an m=1 Bessel-like vortex beam. Although the center is shifting and the main lobe exhibits some intensity "rotation" in the azimuthal direction, the size of the ring remains constant as the beam propagates. The second movie (Media 2) shows the observed spinning of traped microparticles in a transvsere plane by a triply-charged self-acceleating vortex beam propagating along a hyperbolic-secant trajectory. Note that the particles would undergo threedimensional spiral motion should they have not been pushed against the holding glass.
S2: Detailed theoretical anaylsis of accelerating Bessel-like singular beams
In the following we describe in detail the analysis leading to the design of accelerating singular beams of the higher-order Bessel type with arbitrary trajectories.
Formulation of the problem
We begin with the Fresnel integral of diffraction that describes the paraxial propagation of an optical wave Error! Reference source not found.
( ) ( The main task of the analysis is to determine the phase ( ) , Q ξ η that is required to produce an accelerating vortex beam with a given transverse width and a topological charge . m As a measure of the transverse width of the beam, we use the diameter of the inner low-intensity disk which is defined in Fig. S1 .
We now employ ray optics. The equations of the rays follow from the condition of first-order stationarity of the function
, , 2
Figure S1: Real part of a vortex Bessel beam with order m = 6. Indicated is the inner low-intensity disk which is defined at the radius where the argument of the Bessel function is equal to its order.
which is the total phase of the wave component contributed to the field point ( )
, , x y z by the input point ( )
, ,0 ξ η . Setting the first-order partial derivatives of Eq.(3) equal to zero
which are the equations of a ray from the input to the field point. Subsequently, we require that, at an arbitrary transverse plane z , the rays emitted at skew angles with respect to the z axis from a (yet unknown) locus ( ) L z on the input aperture pass from a circle with center
and a fixed radius m r . This circle we briefly denote as ( )
The m subscript indicates a connection of this radius with the order of vorticity. The functions ( ) ( ) where the subscripts , ξ η imply the partial derivatives of the corresponding functions and
Equation ( 
:
where θ is the azimuth coordinate of the point ( )
Eq. (8) with respect to ξ and η we obtain the gradient , z
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where the prime denotes the derivative / . d dz From the obvious relation
The gradient 
Alternatively, using Eqs. 
To solve this system, the radius ( ) R z is required. This is found from the field profile in the neighbourhood of the center ( ) 
where ( We now proceed to solve the system (19), which, due to Eq. (31), simplifies to
However, the initial condition that is required to solve this system cannot be determined from 
Following the algorithm described in the previous paragraph and using the last two equations, we are able to compute the input phase, noting that the only numerical part of the procedure is the solution of Eq. (8) for z through the Newton-Raphson method. An example is shown in Fig. S3 in terms of the input phase and intensity snapshots of the beam. The ray structure for this example is shown in Fig. S2 .
A final note
The condition Eq. (33) is a prerequisite for computing the phase through the presented method, ensuring that the circles of Eq. (8) are expanding but never intersecting each other.
However, for trajectories whose acceleration does not approach to zero as z → ∞ , this condition is satisfied only for distances below a certain bound, or 
